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Let ba(n) denote the number of a-regular partitions of n, where a is a positive
power of a prime p. We study in this paper the behavior of ba(n) modulo powers of
p. In particular, we prove that for every positive integer j, ba(n) lies in each residue
class modulo p j for infinitely many values of n. © 2002 Elsevier Science (USA)
1. INTRODUCTION
A partition of a positive integer n is a nonincreasing sequence of positive
integers whose sum is n. For a > 1, an a-regular partition is a partition none
of whose parts is divisible by a. We denote the number of a-regular parti-
tions of n by ba(n) (by convention, we define ba(0)=1). The generating
function of ba(n) is
C
.
n=0
ba(n) qn=D
.
n=1
11−qan
1−qn
2(1)
(note that ba(n) is also equal to the number of partitions of n each of whose
parts repeats less than a times). In [A], K. Alladi studies from a combina-
torial point of view the 2-adic behavior of b2(n) and b4(n) and obtains
divisibility results for small powers of 2. Using the theory of modular
forms, Gordon and Ono [G-O] prove divisibility properties of ba(n) by
powers of the prime divisors of a. Indeed, they prove the following result.
Theorem 1.1 [G-O, Theorem 1]. Let a be a positive integer and p a
prime divisor of a. If pordp(a) \`a, then for every positive integer j,
lim
XQ.
#{n [X | p j divides ba(n)}
X
=1.
A natural extension of these studies is to consider, for a positive integer
M, the distribution of the values of ba(n) modulo M. For example, when a
is a power of a prime p, Theorem 1.1 implies that ba(n) is almost always
divisible by p j, for any j. Given this fact, one might then ask, given
1 [ i [ p j−1, whether ba(n) — i (mod p j) for infinitely many n. In [O-P],
Ono and the author prove that this is indeed true for a=2:
Theorem 1.2 [O-P, Theorem 2]. If j is a positive integer, then for every
1 [ i [ 2 j−1,
#{n [X | b2(n) — i (mod 2 j)}±i, j `X/log(X).
Note that Euler’s pentagonal number theorem implies that
C
.
n=0
b2(n) qn=D
.
n=1
(1+qn) — D
.
n=1
(1−qn) — C
.
n=−.
q
3n2+n
2 (mod 2),
and therefore #{n [X | b2(n) is odd} ’`8X/3. Thus it would be difficult
to substantially improve Theorem 1.2 for odd i. However, as is shown in
[O-P] (see Theorem 3 there), one can often improve the lower bound in
Theorem 1.2 to X/log(X), in case i is even.
Here we study, for an arbitrary prime power a=pa, the distribution of
ba(n) modulo powers of p. The main results of this paper are the following
two theorems.
Theorem 1.3. Let a be a positive integer, p an odd prime, and let a=pa.
If j is a positive integer and 1 [ i [ p j−1, then
#{n [X | ba(n) — i (mod p j)}±a, i, j X/log(X).
Theorem 1.4. Let a be a positive integer, and let a=2a. If j is a positive
integer and 1 [ i [ 2 j−1, then
#{n [X | ba(n) — i (mod 2 j)}±a, i, j ˛X/log(X) if i is even,`X/log(X) if i is odd .
Finally, we refer the reader to a paper of J. Lovejoy [Lo], which
contains very interesting results about the distribution of b2(n) modulo
primes \ 5.
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2. PRELIMINARIES
Let a be a positive integer, p a prime, and set a=pa. Write D=
(a−1, 24). We refer the reader to [K] for standard facts in the theory of
modular forms. As usual, we denote by g Dedekind’s eta function
g(z) :=q1/24 D
.
n=1
(1−qn),
where q :=e2piz. We note first that, by (1),
g(24az/D)
g(24z/D)
=
qa/D<.n=1 (1−q24an/D)
q1/D<.n=1 (1−q24n/D)
=C
.
n=0
ba(n) q
24n+a−1
D .(2)
This is a modular function with respect to the congruence subgroup
C0(576a/D2). Moreover it turns out that, modulo powers of p, ba(n) is
controlled by the Fourier coefficients of integer weight cusp forms, as we
shall now demonstrate.
Proposition 2.1. For every positive integer j,
1 ga(24z/D)
g(24az/D)
2pj−1 — 1 (mod p j).
Proof. For the j=1 case, since (1−x)a — 1−xa (mod p) (recall that
a=pa), it follows that
ga(24z/D)
g(24az/D)=D
.
n=1
(1−q24n/D)a
(1−q24an/D)
— 1 (mod p).
The proposition now follows immediately by induction. L
Write qD for the quadratic character qD(d)=(
D
d).
Proposition 2.2. For every integer j \ 3,
Fj(z)= C
.
n=a−1
D
aj(n) qn :=
g(24az/D)
g(24z/D)
1 ga(24z/D)
g(24az/D)
2pj−1
is a cusp form in the space Spj−1(a−1)/2(C0(576a/D2), q), where
q=˛q−1 if a — 3 (mod 4),q2 if p=2 and a is odd, and
q1 otherwise.
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Moreover,
Fj(z)= C
.
n=a−1
D
aj(n) qn — C
.
n=0
ba(n) q
24n+a−1
D (mod p j).
Proof. The fact that Fj(z) satisfies the stated congruence follows
from (2) and Proposition 2.1. For the first assertion we recall (see [B, Li])
properties of eta-products of the form
f(z) :=D
d | N
g r(d)(dz).(3)
If N is a positive integer such that
C
d | N
dr(d) — 0 (mod 24) and C
d | N
Nr(d)
d
— 0 (mod 24),
then
f 1az+b
cz+d
2=qD(d)(cz+d)k f(z)
for all (ac
b
d) ¥ C0(N), where the weight k is given by
k=12 C
d | N
r(d),
and
D=(−1)k D
d | N
d r(d).
Using these facts, one easily sees that Fj satisfies the desired transformation
properties.
Since the eta-function is holomorphic and nonzero on the complex upper
half plane, the zeroes and poles of Fj(z) are confined to the cusps. The
order of an eta-product f(z) of the form (3) at a cusp c/d with d | N is
N
24d(d, N/d)
C
d | N
(d, d)2r(d)
d
.
For any divisor d of N=576a/D2, the ratio (d, 24a/D)/(d, 24/D) divides a.
Therefore, to see that Fj(z) is a cusp form we need only note that
ap j−1−1
(24/D)
+
1−p j−1
(24a/D) a
2=
a−1
(24/D)
> 0. L
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3. THE PROOF OF THEOREM 1.3
Fix j \ 3, and recall that a=pa is an odd prime power. Since Fj(z) is an
integer weight cusp form with Fourier coefficients in Z, a result of Serre
(see [S, 6.4]) implies that there is a set of primes Sj of positive density such
that
aj(nt i) — (i+1) aj(n) (mod p j)(4)
whenever t ¥ Sj, i is a positive integer, and t h n. Since aj(a−1D )=1, if we fix a
prime t0 ¥ Sj not dividing a−1, then by (4) we have that, for all 1 [ i [ p j,
aj 11a−1
D
2 t i0 2 — i+1 (mod p j).
For a given i, again using (4), we find that for all but finitely many t ¥ Sj,
aj 11a−1
D
2 t i0t2 — 2(i+1) (mod p j).(5)
Note that as i varies, 2(i+1) covers all of the residue classes modulo p j.
Thus Theorem 1.3 follows from (5), Proposition 2.2, the prime number
theorem, and the fact that Sj has positive density.
4. THE PROOF OF THEOREM 1.4
When p=2, by using the same argument as in the proof of Theorem 1.3,
we obtain the same X/log(X) result for the even residues modulo 2 j
(see (5)). For the odd residues, we replace t by t2 in (5), thus obtaining
aj 11a−1
D
2 t i0t22 — 3(i+1) (mod 2 j).
As i varies, 3(i+1) covers all of the residue classes modulo 2 j, and in the
same way as above the prime number theorem yields our `X/log(X)
result.
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